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QING LIU AND HUAJUN LU 

Abstract. Let Ok be a complete discrete valuation ring with field of 
fractions K. Let E be an elliptic curve over K and let LjK be a finite 
Galois extension. Denote by X' the minimal regular model of El over 
Ol- We show that the special fibers of the minimal Weierstrass model 
and the minimal regular model of E over Ok are determined by the 
infinitesimal fiber X'^ together with the action of Gal(L/i('), when m 
is big enough (depending on the minimal discriminant of E and the 
difi'erent of L/A'). 



1. Introduction 

Let Ok be a discrete valuation ring with field of fractions K. Let E be an 
elliptic curve over K. The minimal (projective) regular model X oi E over 
Ok encodes interesting arithmetical invariants of E (e.g. the conductor of 
-E, and the smooth locus of X is the Neron model of E\ It is then important 
to be able to determine this model. Let LjK be a finite Galois extension 
with Galois group G. Let X' be the minimal regular model of Ei^ over O^. 
By the uniqueness of minimal regular models, G acts on the 0;<--scheme 
X' . It is well known that there exists L as above such that X' is semi- 
stable. When L/K \s moreover tamely ramified, Viehweg [28] (for curves of 
any genus > 1) showed that the special fiber Xq of X is determined by the 
action of G on the special fibers of X' . 

In the present work, we consider wildly ramified extensions L/K for ellip- 
tic curves. We will not suppose El has semi-stable reduction, even though 
this is probably the most interesting situation. For any C'i<--scheme Z and 
for any integer > 0, we will denote as usual 

Zn := Z XspecOK Spec(0,,/^^+iOx) 

where it is an uniformizing element of Ok- For any C'j;,-scheme Z' , the 
infinitesimal fiber Z'j^ is by definition 

Z'j^:=Z' XspecOK Spec{OK/TT''+^OK) 

which is also equal to Z' XspccOL Spec(C'L/7r^^~''^^^^''^C'L), where cl/k is the 
ramification index. In ^ Examples 12.11 and 12.21 we exhibit for any positive 
integer I, two elliptic curves over K having isomorphic (Xl, G) but with non- 
isomorphic special fibers Xq. Hence Viehweg's result can not be extended 
directly to the wild ramification case. A natural question, attributed to B. 
Mazur and pointed out to us by W. McCallum, is whether Xq is determined 
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by {X^, G) for £ big enough. We give a positive answer in the present work: 

Theorem 17.31 Let > 0. Let A he the minimal discriminant of E. Let 
the different of L/K. Then the scheme Xm is determined hy the 
G-action on Xj^^^ for I = 2vk{^) + 12[z;/^(Di/^)] + 18. 

If the reduction type of E is neither I* nor 1^ (r > 0) (e.g. E has poten- 
tiahy good reduction), we can find such I depending only on [vk{'^ l/k)]- 
Note that \vk{^ l/k)] is bounded by a constant depending only on the ab- 
solute ramification index of K and on the degree [L : K] when char(i^) = 0. 

At this stage, let us precise the meaning of "Af/v is determined by the 
G-action on X^_^^" . Let Eq be an elliptic curve over Ko, let Lq be finite 
Galois extensions of Kq of the same Galois group G. Let Xq be the minimal 
regular models of Eq over ^^'i l^t X^ be the respective minimal regulars 
models of {Eo)lo over Ol^. We say that 

Xn is determined hy the G-action on X^_^_^ 

if the existence of G-equivariant isomorphisms 

implies that X^ — Xq^n- We define similar notion for minimal Weierstrass 
models. 

Let us present the organization of this paper. In ^we construct examples 
mentioned above. The second example will also be used to show the necessity 
of the hypothesis char(i^) = in Theorem 15.91 

Section [3] is a technical prelimary work. We study the invariants of a 
finitely generated Ox-module under a semi-linear action. In 21 ^"^^ El we 
study the minimal Weierstrass model W oi E over Ok, as well as the fibers 
Wat in relation with the action of G on the minimal Weierstrass model of 
El over Ol- 

In ^ we study the relation between W^+i and X^. More precisely, we 
show explicitely that a small infinitesimal deformation on a scheme produces 
a small infinitesimal deformation on the blowup (Theorem 16. 4p . 

The main result Theorem l7.3l is proved in f|71 using the connection between 
X and the minimal Weierstrass model W of E. The proof can be divided 
into three steps: 

(1) Let W' be the minimal Weierstrass model of El over Ol- We show 
that the G-action on Xj^^^ determines the G-action on W^_,_^ in Proposi- 
tion E21 

(2) We prove that Wat+^j is determined by the G-action on VV^_,_^ if 
^2 ^ ^1 (Theorem 15. 6p . This is the crucial part. We can choose £i — £2 such 
that it depends only on the valuation of the discriminant of L/K. When 



CONGRUENCES OF MODELS OF ELLIPTIC CURVES 



3 



char(i^) = 0, the difference ^1 — ^2 depends only on the absolute ramification 
index of K. 

(3) Finally, by studying the effect of an infinitesimal deformation on the 
blowups (Theorem 16. 4[) . we show that X]y is determined by Wn+i some 
^ > (Corollary [621). 

We also proved a converse of Theorem 17.31 the G-action on X'j^ can be 
determined by Xjy+ii for another positive integer i' (Proposition 17. 6p . 

As we always work with pointed schemes W^, Xj^, in the last section, we 
show that a Galois invariant section of such a fiber lifts to a Galois invariant 
section over S when N ^ (Proposition 18. 1[ ) . If we use Neron models, then 
we get an explicit bound (Proposition 18. 4| ) 

We would like to mention that the present work is similar to (and inspired 
by) Chai-Yu and Chai's articles [6], [5] where they dealt with Neron models 
of tori and abelian varieties, though we use a more down-to-earth method. 
It is shown in [5j, Theorem 7.6, that for any abelian variety A over K, the 
infinitesimal fiber of the Neron model A of A over Ok is determined by 
the G-action on A'j^_^^ (where A' is the Neron model of over Ol) for i 
big enough and depending on A'. Related to his work is the computation, 
in case of elliptic curves, of the base change conductor ( ^4.12p . 

This work grew from the first part of the second named author's Ph.D 
thesis. He thanks the Institut de Mathematiques de Bordeaux for the nice 
working environment and financial support. 

Convention Through this work, K will denote a discrete valuation field 
with residue field k of characteristic p > 0, Ok is the valuation ring of K, 
TT or ttk denotes a uniformizing element of K and vk is the normalized 
valuation (f_ft'(7r) = 1), £J is an elliptic curve over K and X (resp. W) 
denotes its minimal projective regular (resp. minimal Weierstrass) model 
over Ok- 

The residue field k will be supposed to be perfect starting ^sfl 

We will denote by L/K a finite Galois extensions with Galois group G. 
As usual, the different of L/K will be denoted by TIx^/k- The ramification 
index oi L/K at some maximal ideal p of O^, will be denoted by ■ The 
exponent of D^^/x &t P '^iH be denoted by vl{Di/k)- As L/K is Galois, these 
invariants are independent on the choice of p. Sometimes it is convenient to 
write 

VKi^./K) ■■= '-^^^^ € Q. 

eL/K 



We thank Ivan Fesenko for encourage us to remove the original hypothesis k alge- 
braically closed. 
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2. Two Examples 

In this section, we give two examples. The first one shows that, contrarily 
to the tamely ramified case, for any / > 0, there exist K and E/K such that 
the special fiber (resp. Wi) is not determined by the G-action on X'^ 
(resp. the infinitesimal fiber W(). The second example, of similar nature, 
shows that in equal characteristic case, there is no bound on / independent 
on E for which Theorem 15.91 holds. 

Example 2.1 Let m > 1. Let = T^(F2)(7r) with 7r3(2"^+i) = 2 where 
Ty(F2) is the Witt ring of F2. Let E be the elliptic curve defined by the 
equation: 

Then E has good reduction over L = K{y/TT), with 

Gal(L/K) = {a), a{^) = ^l/k = ^^V^Ol- 

The smooth model X' of E^ over O^, is defined by the equation 

V + V = u , 

where x = tt-^/Zu (note that G K) and y = 7r^/^(l + 2v). Hence the 
action of G on X' is given by: 

a{u) = u, a{v) = —1 — V. 
Now let Eq be the elliptic curve over the same K defined by the equation: 

yo = ^o + (i + ^)- 

Then Eg has good reduction over Lq = K{\/1 + vr), with 

Gal{Lo/K) = {a), a{Vl+^) = -VTT^, 'Sl/k = '^Ol,. 
The smooth model X'^ of Eq over is defined by the equation: 

vl+Vo = ul, 

where Xo = (4(1 + ■k)Y/^Uo with (1 + vr)!/^ G K and yo = Vl + vr(l + 2vo). 
The action of G on X'^ is then given by a{uo) = Uq-, cr{vo) = — 1 — Vq- 
Let d = 3(2m + 1) — 1. It is easy to see that we have an isomorphism 

Ol/{2) = OlUtt"^^) ^ OlJ{it''+^) 

which sends y/ir to \/l + tt — 1 and which is compatible with the G-action. 
Note that vk{^l/k) = d + 3/2 ^ vk{^Lq/k) = d+1, hence by Lemma [5T| 
Ol/ {t^'^'^'^) 9^ Ol^^/ [tt'^'^'^). We also have an isomorphism 

which sends Uq (resp. Vq) to u (resp. v) and which is compatible with the 
G-action. However, the special fibers of the regular proper models of E 
and Eq over Ok have different Kodaira types: the first curve has type Iq by 
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Tate's Algorithm, and the second one has type II. Note this example doesn't 
contradict the conclusion of Theorem 17. 31 

Let W (resp. Wo) be the minimal Weierstrass model of E (resp. Eq) 
over Ok- Then {l,x,y} and {l,Xo,yo} are respective Weierstrass basis 
of W, Wo, and are the respective minimal Weierstrass models over 

^LiOlo- Clearly the special fibers of W, Wo are isomorphic, but using 
Lemma [5l4l we can show that Wi Wo,i. 

Example 2.2 Fix m>l and let r = 1,3. Let k be an algebraically closed 
field of characteristic 2 and K = k{{t)). Consider the elliptic curve rE : 

whose J -invariant is and whose discriminant has valuation equal to 12m. 
The above equation defines a minimal Weierstrass model ^W of rE over 
k[[t]]. Let Or be a root of the polynomial X'^ + t^"^X + in K and let 
Lr = K[ar]- Then tEl^ has a smooth model r^' over Ol^ defined by the 
equation: 

y" + y' = x'^ 

where x = t^^x' and y = t^'^y' + a^- Hence 

G&\(Lr/K) = (a), a{ar) = t^"" + ar] a{x') = x' , a{y') = y' + 1. 

For r = 1, the model iW is regular, hence lE has reduction type II. The 
ring of integers Ol^ is k[[t,ai]] ^ k[[t]][X]/{X^ - t^"^X + 1). For r = 3, the 
curve 3E has reduction type Iq by Tate's Algorithm. The ring of integers 
Ol, is k[[t,a3/t]]^k[[t]][X]/{X^ -t^^'-^X + t). 

We have G-equivariant isomorphisms 

which sends ai to a^/t, and 

= (3^')d, d = 3m-2. 

Hence the I in Theorem 15.91 must be bigger than 3m — 1 and it tends to 
infinity if m does. 

3. Semi-linear ©^[GJ-modules 

Let L/K be a finite Galois extension with Galois group G. Denote the 
integral closure of Ok in L by Ol- The aim of this section is, given a 
semi-linear Oi[G]-module M, to compare M*^ /ir^'^'^ with the image of 
(M/vr^+^+^'M)'^ in (M/vr^+^M)'^ (Proposition EJ]) . The result is used in 
§4 and §5. 

Definition 3.1 A semi-linear O L[G]-module is an O/.-module M endowed 
with an action of G such that 

(1) g{xi +X2) = g{xi) +g{x2) for all xi,X2 G M, 

(2) g{ax) = g{a)g{x) for all a G Ol,x € M and g € G. 

A morphism 4> between two semi-linear ©^.[G] -modules M and N is an Ol- 
morphism which is G-equivariant (i.e. 4>{gx) = g(p{x),yg G G,Vx G M). 



6 QING LIU AND HUAJUN LU 

Let us recall the following well known lemma (see for instance [22j , Propo- 
sition 1(a)): 

Lemma 3.2. (Speiser's lemma) Let V be a semi-linear L[G]-vector space. 
Then the canonical morphism of semi-linear L[G]-vector spaces 

is an isomorphism. 

Proposition 3.3. Let M be a semi-linear O L[G\-module. Let 

be the natural morphism of semi-linear Ol[G] -modules. 

(1) If M is flat over Ol, then is injective and ranko^M*^ = rank^^M. 

(2) The cokernel of ip is killed by the different ideal TIq^/^)^ of Ol over Ok- 

Proof. (1) comes from 13.21 by tensor ing iphy L. 

(2) We will first prove the property for monogeneous extensions Ol / Ok ■ 
We will deal with the general case first by reducing to the case when Ok is 
complete, and then achieve the proof by induction on the order |G| of G. 

Step 1. Consider as a semi-linear G-module defined by 

a * (^ K.t) = CT{\r).{aT). 

T&G reG 

Then M is a quotient of a direct sum of copies of Therefore it is 

enough to prove the proposition when M = Ol[G]. Denote by 

For any b £ Ol, we have t*b = Y,a (^ib).a £ M'^ . 

Suppose Ol = Ok[0] for some 6 £ Ol- Let P{X) G Ok[X] be the 
monic minimal polynomial of 0. Then Ol — Ok[X]/{P{X)). We have a 
decomposition in Ol[X]: P{X) = {X - 9)f{X) and 

f{X) = + 6„-2X"-2 + ... + boeOL[X]. 

Let g := J2o<i<n-i ^i-i'^ * ^ ® and let e be the unit element of 
G. Then 

5 = E E ^^^(^y^ = E /(^w)^ = / w-^ = ^'w-^- 

o-gG i o-eG 
For any a £ G, 

P'{6)a = {P'{e)a{P'{9))-').a * (P'(^).e) G Ol (^o^ M"". 

So P'{9)M C Ol (E>Ok the proposition is proved in this case as the 

different of Ol/Ok is generated hy P'{9). 
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Step 2. We reduce to the case when Ok is complete. Let pi, . . . ,p„ be 
the maximal ideals of O^. Let Di be the decomposition group at pi and let 
Ol := Ol ®Ok Ok- Then 

Cl = ®l<i<nC>L,pi 

and Oi^p. is Galois of group Di over Ok- Denote by M = Ol ®Ol 
Mi = dL,p, Then M = ®iMi and the projection map M Mi 

induces an isomorphism ~ Mf\ The map Ol ®q M^ ^ M can be 
identified with the direct sum of the maps 

Ol,,, Mf ' ^ Mi. 

Let 6i be a generator of the different of Ol,pi/Ok- Then it extends to 
a generator of the different of Ol/Ok by Chinse Remainder Theorem. 
Suppose we have 

eiMi c dL,p, ®Q^M^\ 

Then 

OMi = OiMi C Ol,,, ®q M^' ~ O^p, ®g C Ol ®a 



where the middle isomorphism is the inverse of M"^ ^ . This holds 

similarly for any Mi, hence 9M '^Ol^q^ . As 

^ouok = ^o^/OkOl and Ol (O^ M^) = Ol (^q^ M^, 

the proposition will be proved for L/K if it is proved for Ol,p^/Ok- 

Step 3. Induction on Suppose that C G is a normal subgroup and 
the proposition holds for L/L^ and / K. Let E = . Then 

As "Sol/Ok ~ ^Ol/Oe-('^Oe/OkOl), the proposition also holds for L/K. 

Now we suppose Ok is complete. Then Ol/Ok can be decomposed 
into successive Galois monogeneous (cyclic) extensions. (See for instance 
the explanations in [9], proof of Theorem 4.1.) This achieves the proof by 
Step 1. □ 

Remark 3.4 Proposition 13.31 is sharp for monogeneous Galois extensions 
Ol = Ok[9]- Indeed, let M = Ol[G]. Let us show that bM <ZOl®M^ 
implies h G '^l/k- The vectors t * 9^ £ M, < i < n — 1, where n is the 
degree of the minimal polynomial P{T) of 9, generate Ol (S> . So 

6.e = Aot * e + Alt * 6* H h A„_it * (6*""^), A^ G Ol- 

By expanding t * 0*, we see that for all a / e, 

Ao + \M9) + ■■■ + \n-M9T-^ = 0. 
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So the polynomial F{T) = Aq + XiT + • • • + Xn-iT''-^ G Ol[T] is divisible 
by/(r) :=P(r)/(r-0), and 

6 = Ao + Ai0 + • • • A„_ir-i = G f{9)OL = ^l/k- 

When Ol is local and the residue extension of Ol/Ok is separable, it is 
known that is monogeneous over Ok (|23j. III. 6, Proposition 12). The 
next lemma gives a general situation where Ol/Ok is monogeneous. 

Lemma 3.5. Suppose that the residue field k of Ok is infinite. Let F be a 
finite etale K-algebra and let B be the integral closure of Ok in F- Suppose 
that the residue extensions of B /Ok are separable. Then B is monogeneous 
over Ok- 

Proof. (See also [l2], Proposition 4.1) Let pi, . . . ,p„ be the maximal ideals 
of B. Applying [23], loc. cit. to the completion B^., we see that i?p./(7r) = 
BpJ{7r) is monogeneous over k. So Spec(i?p^/(7r)) admits a closed immersion 
into A|. As k is infinite, there exists a closed immersion 

Svec{B/TrB) = ]J Spec(5p7(7r)) ^ A^. 

i 

Let 9 €z B he a lifting of some generator of B/ttB over k. Then B = 
Ok[9] + ttB. Hence B = Ok[9] by Nakayama's lemma. □ 

Definition 3.6 Let H be an O/^-module. We define the exponent £{H) 
of H to be, when it exists, the smallest non-negative integer e such that 
TT^H = 0. Note that for any O^-module M, e(M) is defined to be its 
exponent as O/^-module. 

Proposition 3.7. Let M be a semi-linear O L[G\-module, flat over Ol. 

(1) Suppose char(i^) = 0. Let L be the inertia of G at some maximal ideal 
ofOL- Thene{Yi\G,M))<VK{\L\). 

(2) In general, we have 

e{YL\G,M))<2[vK{'iiL/K)]- 

Proof. (1) Let Ok be the completion of Ok- By the fiatness of Ok Ok, 
we have 

e{YL\G,M)) = e{}l\G,M) O k) = e{YL\G , O k ®Ok M)). 

Let pi, . . . ,pr be the maximal ideals of Ol. Let D be the decomposition 
group of p := pi. Then 

M := Ok (^Ok M = ®i<i<r{^L,p, M) ~ Indg(Mi), 

where Mi = Ol^p, ®Ol ^- By Shapiro's lemma W-{G,M) ~ H^(D,Mi). 
Let I be the inertia group at p, let Op = {Ol,p)^ ■ Then Of/Ok is etale of 
Galois group D/I. The inflation-restriction exact sequence 

= R^{D/I,M() H^(D,Afi) ^ H^(/,Mi) 
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implies that e(H\G,M)) < e{}l\l,Mi)). As I is finite, |/| kills R\l,Mi) 
(|23j. VIII. 1, Corollary 1). This implies the desired inequality. 

Note that during this reduction step, we didn't change the valuations of 
the differents: vpi'^p/f^) = VLi'^L/K)- 

(2) As we saw above, we can suppose that Ok is complete and G equal to 
its inertia group. Consider the G-equivariant exact sequence of O^-modules: 

O^Ol (^Ok ^ M/{Ol (^Ok M^) 0- 

(The exactness at the left comes from Proposition 13.3( 1)). Taking group 
cohomology, we get the exact sequence 

Let D = Dl/x and e = e^/x- By Proposition 13. 3^ we have 

D.(M/(M^ (^Ok Ol)) = 0. 

Hence D.E.^{G, M/{Ol ®Ok ^^)) = 0- I* remains to find the annihilator 

ofHi(G,OL M«). 

If F is a free Ox-module (with trivial G-action), then the canonical map 
(G, Ol) ®Ok F H*(G, Ol ®Ok P) is an isomorphism for ah i > 0. As 
is flat over Ok, it is an increasing union of free Ox-modules. This 

implies easily that Hi(G, Ol ®Ok M'^) - ^^(G, Ol) ®Ok ^ hence 

Ann(Hi(G, Ol ®Ok M^)) = Ann(Hi(G, Ol) ®Ok M^) = Ann(Hi(G, Ol)). 
Let us show that 

(1) ^f'^(®)/PlHi(G,OL) = 

where p is the residue characteristic of K (the case p = is considered in 
Part (1)). Let H he a, normal subgroup of G. Again using the inflation- 
restriction exact sequence 

^ YL\G/H, Olh) ^ Hi(G, Ol) ^ ^\H, Ol) 

it is easy to show that Equality ([1]) holds if it holds for /K and for L/L^ . 
Therefore, similarly to the final step of the proof of Proposition 13.31 we are 
reduced to the case when G is cyclic. Using Herbrand's quotient as in [21j, 
Remark, pp. 38-39 or [T6], p. 508, lines 4-9, we have 

\engihoJi\G,OL) = lengthc,,,Ox/Tr(OL) = [vKim 
Let / be the degree of the residue extension of L/K. Then 

lengthc,^HHG,OL) < [K(D)/e]//] = K(3)/e/]. 
As we can restrict ourselves to non-trivial wild ramified extensions, we have 
ef = [L : K] > p. Hence ttJ^^^^^/p] kills H1(G,C'l). This implies that 
^i^L(S))+bL(Z))/p]jji^^^^^^ = and the exponent of Hi(G,M) is bounded by 
the smallest integer bigger or equal to (^^(2') -|- [i;L(2')/2])/e. The only case 
this might fail to be true is when vl{'^) = e + r with 0<r<e — 1. As 
L/K is wild ramified, this implies that L/K has no non-trivial intermediate 
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extensions, hence G is cyclic (of prime order) and [^^(X')/^] = 1. But then 
{vLm + [vLm/p])/e < 2 = 2[t;x(D)]. □ 

Note that when L/K is tamely ramified, = [(e — l)/e] = 0. 

Remark 3.8 When char(i^) = 0, one has ([21], Theorem 3) 

e{^\G,OL))<VK{p)/{p-l). 
For any Oi^-module F and any > 0, we will denote 

Let M be a semi-linear ©^[GJ-module free over Ol- Let > 0. We would 
like to compare {Mn)^ with {M^)n. For ah m > N, we have canonical 
morphisms of O^i-modules 



G\ c 



(M„ 



\G 



{M<^)n 



/a 



Proposition 3.9. Let M he a semi-linear O L[G]-module, flat over Ol. Let 
/i = 2[vii-(Dj^/x)] >0. Then for all N> 1 and for any m > N + h, {M^)n 
is determined by the G -module M^. More precisely, the canonical morphism 
of Ok -modules 

(MG)^^(M^)^/(7r^+i) 

is an isomorphism. 

Proof. The above diagram implies that Im/^v ^ Im fm,N- Therefore /at 
induces canonically an injective morphism of Oi^-modules 



(M^)jv lmfm,N ^ {Mmr/{Tr' 

It remains to show that Im fm^N ^ Im/Af- Let us consider the following 
commutative diagram with horizontal exact sequences: 











M ■ 



id 



M- 



rN + l 



M ■ 



Mrr 



Mn 











where • means the multiplication and the maps in the rows are the canonical 
surjection. Then we have the following diagram of long exact sequences by 
taking group cohomology: 



fn 



(M„ 



\G 



id 



N 



R\G,M)'^^}i\G,M) 



id 



JV+l 



Hi(G,M) ^^^Hi(G,M) 
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We see that lmfm,N ^ Ihi/at if and only if A]yfm,N = 7r™~ A.^, = 0. 
This happens when m — N > e(H^(G, M)). The latter inequality is true by 
Proposition 13.71 □ 

Remark 3.10 Suppose char(i^) = and p > 0. Then the ramification 
filtration of G has length at most vl{p)/{jp — 1) ([23J, IV. 2, Exercise 3c). 
Hence vl{TIl/k) ^ \G\vLip)/{p— 1) by [23j, IV. 1, Proposition 4, and we get 

vk{^l/k) < \G\vk{p)/{p-1). 

Remark 3.11 If L/K is tamely ramified, then h = and we get the well- 
known equality (Mat)*^ = {M'^)m- 

Corollary 3.12. Under the hypothesis of Proposition \3.9[ the canonical 
homomorphism 

n n n 

is an isomorphism. 

4. Minimal Weierstrass models 

We compare in this section the minimal Weierstrass model of E over Ok 
with that of El over Ol. 

Definition 4.1 Let E be an elliptic curve over K. A Weierstrass model 
yV E over Ok is a proper flat scheme over SpecO/^: with geometrically 
integral fibers such that the generic fiber Wq is isomorphic to E and that 
the closure e in W of the origin of E is contained in the smooth locus of W. 

Let us recall the correspondence between Weierstrass models and Weier- 
strass equations ([7], §1 or [15], §9.4.4). Let W be a Weierstrass model of 
E over Ok- Consider the invertible sheaf Ov\!{ne) in W. Then 0>v(3e) 
is very ample, and we can reconstruct the equation of W as following. 
Let L{ne) = r(W, Ovv(ne)). For all n > 1, L{ne) is free of rank n and 
L{{n + l)e)/L(ne) is free of rank 1. So there are basis {1,2;} of L{2e) and 
{l,x,y} of L(3e). The images of and in L(6e)/L(5e) are both basis. 
Then we have — ax^ £ -^(5e) for some unit a G Change y by a~^y 
and X by a~^x, and we can assume a = 1. Then the morphism of W to Fq 
associated to the invertible sheaf C'yv(3e) with coordinates x and y gives an 
affine Weierstrass equation 

(2) y'^ + {aix + a3)y = x^ + a2x'^ + a^x + uq. 

We will call such a triplet {1, x, y} a Weierstrass basis of W. The model W is 
isomorphic to the closed subscheme of Fq , defined by the above equation. 
Denote by A(W) the discriminant of the above equation. Its valuation 
depends only on W and not on the equation. 

Definition 4.2 If the valuation of the discriminant A(W) of W is minimal 
among all Weierstrass models of E, then W will be called the minimal 
Weierstrass model of E. The minimal Weierstrass model of E over Ok 
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exists and is unique up to isomorphisms ([15]. 9.4.35 or |24j, VII. 1.3.). Over a 
semi-local Dedekind domain, one can define similarly the notion of (minimal) 
Weierstrass model ([ll], 9.4.35). 

The notion of Weierstrass model depends a priori on the origin of E. 
However, the next proposition says that, up to isomorphism, the choice of 
the origin does not matter. See also discussions in ^ 

Proposition 4.3. Let {E, e) he an elliptic curve over K with minimal 
Weierstrass model W over Ok- 

(1) Let q G E{K) and let Z be the minimal Weierstrass model of {E, q) over 
Ok- Then there exists an isomorphism W — Z which maps e to q. 

(2) Let N > and let be the section o/Wn induced by e. Let q E Wn be a 
section contained in the smooth locus. Then there exists an isomorphism 
(not unique) Wn — ^ VVat which maps q to en- 

Proof. (1) Let t : E ^ E he an isomorphism which maps e to q. Then Z 

endowed with the open immersion j : E E ^ Z is a Weierstrass model 
{E,e). By the uniqueness property, we get an isomorphism W ^ Z as 
desired. 

(2) As Ok and Ok coincide modulo 7r^+^, we can suppose Ok is com- 
plete. We can lift g to a rational point q G E{K). Let t : E ^ E he as \n 
(1). Let £^ be the identity component of the Neron model £ of E. It is equal 
to the smooth locus of W. By the universal property oi £, t extends to a 
morphism £^ ^ £. As i(e) S i is actually a morphism £^ ^ £^ (IW. As 
yV\E^ has codimension > 2 in W, t extends to a finite birational morphism 
W —7- W. It is an isomorphism because W is normal. □ 

From now on W will denote the minimal Weierstrass model of E over 
Ok. 

Lemma 4.4. Fix a Weierstrass basis {l,x,y} ofW. 

(1) Let w,z £ L(3e). Then {l,w, z} is a Weierstrass basis ofW if and only 
if {l,w} is a basis of L{2e), z £ L(3e) \ L(2e) and z'^ - € L(5e). 

(2) The set {l,w,z} is a Weierstrass basis of some Weierstrass model Z if 
and only if w £ L{2e) \ Ok, z G L(3e) \ L{2e), z^ - £ L(5e) and 
z £ Ok + Ok-w + Ok-V- 

(3) Under the above condition, w = u^x + r, z = u^y + u^sx + t for some 
u, r,s,t £ Ok and we have A{Z) = n^^A(W). 

Proof. Let {l,w,z} be a Weierstrass basis of Z. By [24], VII. 1.3(d), there 
exist u,r,s,t £ Ok such that 

w = u^x + r, z = u^y + u'^sx + t 

and we have A{Z) = n^^A(W). We have z — sw £ Ok + OkU- This implies 
(3) and the "only if" part of (1) and (2). 

Conversely, let {w,z} satisfy the conditions of (2). Write w = aix + r, 
z = asy + o:4X + 1 with a^, r,t £ Ok- The condition z'^ —w"^ £ L{5e) implies 
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that oi = and 0:3 = v?' where u = 03/01. As E Ok, we have u G Ok- 
Since 

u^y + {ai/u^)w + {t- ra^jv?) = z £ Ok + Okw + OkU, 

we have 04 E u^Ok- Formula (1.6) in [7] shows that {1, w, z} is a Weierstrass 
basis of some Weierstrass model Z. If {1, w} is a basis of L(2e), then n G 
and is minimal. □ 

Let L/K be a finite Galois extension of K with Galois group G. Let W' 
be the minimal Weierstrass model of over Ol and let e' C VV'(Ol) be 
the closure in W' of the origin of E^. As we saw before, for all n > 1, L{ne') 
is free of rank n and L{{n + l)e')/L(ne') is free of rank 1 over Ol- Let 
n > 2. Since L{ne')^ is a torsion-free Oj^-module, it is free of rank n over 
Ok (because on the generic fiber {L{ne') K)'^ = L(ne) (8) K). Moreover, 
the quotient L{{n + l)e')'^/(L(ne')'^) injects into L{{n + l)e')/L(ne'), thus 
is free, of rank 1 (checked by (i^K). 

Lemma 4.5. The Galois group G acts on the Ok scheme W' and induces 
a semi-linear G-action {cf. §2) on L{ne') for all n G N. Moreover, a subset 
{l,w,z} C L{3e') is a Weierstrass basis of some Weierstrass model of E 
over Ok if and only if 

w G L{2e'f \Ok, ze L{3e'f \ L{2e'f 

and 



z^ - 



GL(5eO, zeOL + Oiw + OLy'- 



Proof. Let {1, x', y'} be a Weierstrass basis of W- The group G acts on El 
through its action on L. Let a £ G. Then a{x'),a{y') G T{El,Oei^{3o)) 
define an equation of El with coefficients in Ol- By 14.41 we have ct(x') G 
L{2e') and a{y') G L(3e'). Therefore cr acts on W', hence on L{ne') for 
all n > 1. The action is semi- linear because it is on the generic fiber and 
L{ne') C L{ne') L. As the equation defined by w, z is also a Weierstrass 
equation of El over Ol-, the necessary part of the assertion on {l,w^z} 
results from I4.4T 2). The condition is also sufficient because z will defined 
a Weierstrass equation with coefficients in Ol- But by the uniqueness of the 
coefficients (for given w,z) over L, they all belong to Ol H K = Ok- Thus 
w, z define a Weierstrass equation of E over Ok- D 

Theorem 4.6. Let vl denote the normalized valuation on L (so vl{t^l) = 
assciatted to a maximal ideal of Ol- Let W, W' be the respective minimal 
Weierstrass models of E and El- Then 

< vl{^{W)) - 7;l(A(W')) < 12(z;i(Di/^) + cl/k - !)• 

Proof. The filtration Ok ^ L{2e')^ C L(3e')'^ has successive quotients free 
of rank 1 over Ok- This implies the existence of a basis {1, wq, zq} of L(3e')'^ 
over Ok such that {l,^i;o} is a basis of L{2e')^ over O^^. Let {l,x',?/'} 
be a Weierstrass basis of VV". Then there exist oi, . . . , 05 G Ol, such that 
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Wo = aix' + a2, zq = asy' + a^x' + and oi, 03 7^ 0. There exist 01,03 G K* 
such that oiwo,03ZQ E L{3€) K define a Weierstrass equation of E over 
K. This imphes that t := a|/af = af/al S K. 

Now let us construct a Weierstrass model ^ of over Ok- If t G O/^, set 

where n is the smallest integer such that ailTr**. If G Ok, set 
/5i = TT^'"*-!, /33 = 7r3'"t-2 G 

where m is the smallest non-negative integer such that ailvr^t"^. 
Consider w = PiWq G L{2e')'^ and z = P^zq € L(3e')'^. We have 

w = Piaix' + /3ia2, = P^a-ill' + P-i^ix' + /^sas. 
We can check that {Piaif = (/Jsas)^, and h/iPiai) = af^(7r"t) G Ox if 
t £ Ok and /33/(/3iai) = a^^(7r™t"^) G O/^ otherwise. Thus P^a^ G /JiOiOl 
and z G Ol + Olw + Ol?/'- By Lemma HTSl {1, ri;, is a Weierstrass basis 
of some Weierstrass model Z oi E over Ox- In particular f/^(A(^)) > 
7;x(A(W)). 

Now let us compute VLiPiai). We have 

_ / (ar^^")^a3 if t€OK 
^^"^ ~ \{a-^TT"'t-^fal otherwise. 

By Proposition 13.31 

Di/x.L(3e') C L{3e'fOL = Ol + OlWq + OlZq. 
Hence viias) < vl{'Sl/k)- Therefore 

vl{A{Z)) - vl{A{W')) = 6vL{Piai) < 12{vl{^l/k) + ei/K - !)• 

□ 

Corollary 4.7. Keep the notation o/Theorem l4.6[ Let {l,x,y} be a Weier- 
strass basis ofW and let {l,x',y'} be a Weierstrass basis ofW'. 

(1) Then 

X = bix' + b2, y = bsy' + 64X' + 65, bi G Ol 

with 

viih) < 2{vl{^l/k) + dL/K - 1), < 3{vl{^l/k) + eL/K - !)• 

(2) The OK-fnodules L(2e')'^/L(2e) and L(3e')'^/L(3e) are annihilated re- 
spectively 5y 7r2l''^(®VK)l+3 and7r2[^^f(®i/^)]+4. 

Proof. (1) As X G L{2e') and y G L(3e'), we can write 2; = hix' + 62, 
y = b^y' + 64X' + 65 for 6j G Ol. By Lemma 14.41 we have b\ = 6| and 
'(;i,(A(>V)) - t>L(A(W')) = 6t;L(6i). The bounds on VL{bi) and ^lC^s) are 
then a consequence of Theorem 14.61 and of the relation 63 = 6'^ . 

(2) Keep the notation in the proof of 14.61 As jiiWQ^P^ZQ G L{3e), it is 
enough to bound vk{Pi) and vkWs)- The computations in the proof of 
Theorem 14.61 imply that viiPi) < VL^Piai) < 2vL{'i^L/K) + '^^l/k — 2 and 
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/33 = /3iai7i with 71 = jax if t G Ok and 7 = (7r™t)/ai otherwise. Hence 
viif^s) < + e^/x ~ 1- Dividing by the ramification index e^/x we 

then get (2). □ 

Corollary 4.8. Suppose E has good reduction over some Galois extension 
L. Then 

^i^(A(W)) < [UivLi'i^L/K) - l)leL/K\ + 12. 

Remark 4.9 If E has semi-stable reduction over K, then the formation 
of W commutes with base changes and fL(A(>V)) = t>L(A(VV")). More 
generahy, if L contains an extension F/K such that Ep has semi-stable 
reduction, then vi[/S.{W')) = f/,(A(W")) for the minimal Weierstrass model 
W" of Ep. 

Remark 4.10 {Absolute hound for the minimal discriminant) Let / be the 
conductor of E and let m be the number of geometric irreducible components 
of the special fiber of the minimal regular model X oi E over Ok- Then 
Ogg-Saito's formula Corollary 2, [25j, §1V.11) is 

VK{^m) = f + m-l. 

Suppose that E has potentially good reduction (equivalently, VK{j{E)) > 0). 
Then the Kodaira-Neron type of E is different from /* if p 7^ 2 and we 
have m < 8 by examining the list of all types. Therefore, if E acquires 
good reduction over some tamely ramified extension, then / < 2 and we 
have fft:(A(W)) < 10. Over a finite extension of Qp, by [1], Theorem 6.2 
/ < 2 + 6vk{2) + Svi^ (3). Hence 

vk{A(W)) < 10 + 6vk{2) + 3vk{3). 

To be more precise, [3] gives a bound on the Artin conductor f{V,L/K) for 
any G- module ([3], §5), and the bound on / is then deduced using the 
G-module of the ^-torsions E[£] for a prime number i ^ p- Our Corollary 
14.81 is of different nature because it gives a bound of i;i<-(A(W)) in terms of 
the Artin conductor for the representation re — Ig (regular representation 
minus unit representation). It gives a better bound when vl{Di/k) is small 
with respect to max{t>j;,(2), ^^(3)}. 

Remark 4.11 HE has potentially multiplicative reduction, then there is 
no absolute bound for its minimal discriminant. However if we consider the 
invariant Ci{W), then j{E) = c^/A. With similarly to Theorem 14. 6| we 
have < VL{ci{W)) - fL(c4(W)) < 4(?;L(S)i/j^) + e^/^ - 1). Hence 

for any (quadratic) extension L/K such that El has multiplicative reduc- 
tion. 

4.12 Base change conductor. Suppose K henselian. In [6] and [5], C- 
L. Chai and J-K. Yu introduced the notion of base change conductor for 
algebraic tori and abelian varieties over K. Here we will just consider the 
case of elliptic curves. Consider the Neron model £ (resp. £') of E (resp. 
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El) over SpecOx (resp. SpecOi). By the universal property of the Neron 
model, there exists a canonical morphism / : £ 0Ok Ol ^ £' which extends 
the isomorphism on the generic fibers. Let ojgjQ^ (resp. oj^ijQ^) be the 
module of the translation invariant differential forms on £ (resp. £') over 
SpecOii- (resp. SpccOl). Let L/K be a Galois extension such that El has 
semi-stable reduction. By definition, the base change conductor c{E) € Q 
of E is the length of ^s'/Ol/ f*i^£/OK '^^l) as OL-modules divided by the 
ramification index cl/k of L/K. 

Proposition 4.13. Suppose K henselian. Let W be the minimal Weier- 
strass model of E over Ok- Then the base change conductor c{E) is given 
by 

c{E) = mm{^VK{A{W)), ^t;k(c4(W))} 

Proof. We know that uj^/q^ (resp. uj^^iiq^) is a free C'i<--module (resp. Ol- 
module) generated by some canonical differential form uj = dx/{2y + aix) 
(resp. uj') ([15j, Proposition 9.4.35). By Lemma there exists u G Ol 
such that J = uoj and A(W) = u^^A{W), C4(W) = u'^c^{W). Hence 
c{E) = VL{u)/eL/x ■ If E has potentially good reduction, then VL{A{yV')) = 
0, c{e) = VA-(A(W))/12 and 

\vK{cAm) - ^vk{A{W)) = ^vkU) > 0. 

Similarly, if £' has potentially multiplicative reduction, then wl(c4(W')) = 0, 
c{E) = VK{ci{W))/4. and ve-(c4(W)/4 < VK{A{yV)) because vkU) < 0. □ 

Corollary 4.14. Let L/K be a finite Galois extension such that El has 
semi-stable reduction. Then 

c{E) < vk{^l/k) + 1- 
In particular, if char (K) = 0, then 

c{E) <2ivKip)/{p-l) + l. 

Proof. The first part comes from Corollary 14.81 and Remark 14.111 For the 
second, note that E has semi-stable reduction over an extension L/K of 
degree dividing 24 (see the end of the proof of Theorem 15. 9p and then use 
Remark Eini □ 

5. Congruences of minimal Weierstrass models 

From now on, we will suppose that K has perfect residue field. This 
hypothesis is used only in Lemma l5.ll 

For any scheme Z over Ok (including O^-schemes), recall that 
:= Z xspecOK Spec(0;^/7r^+iOx) 

for any non-negative integer A^. Similarly, recall that for any Ok or Ol- 
module M, we denote 

Mn = M/vr^+^M. 
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We keep the notation of ^ In particular, W and W' are the respective 
minimal Weierestrass model of E and El over Ok and Ol, and e' is the 
closure in W' of the origin of El- We will also work with another discrete val- 
uation field Ko with perfect residue field, a Galois extension Lq/Kq of group 
G and an elliptic curve Eq over Kq. We will denote analogous construction 
by the same notation with a subscript o. We will say Wiv is determined 
by the G-action on (or by (W^,G) for short) for some m > if the 
existence of compatible G-equivariant isomorphisms: 

dm '■ OL,m — CLo,m, 

W ~ W e' 1-^ e' 

implies Wtv — Wo,Ar. Let us stress that — )■ is supposed to map 

to e^^ (the Weierstrass models should be regarded as "pointed schemes). 
The aim of this section is to show that Wat is determined by (W^, G) when 
m S> (Theorem 15. 6p . 

Lemma 5.1. Let N > vk{'^l/k) ~ 1- If ^l,n — ^Lo,n as G-modules, then 
VLoi^Lo/Ko) = vl{^l/k) and cl/k = ^Lo/Ko- 

Proof. The maximal ideals pi, . . . , p„ of O^, correspond to the maximal ideals 
of the semi-local ring Ol,n- Hence there is a one-one correspondence be- 
tween the maximal ideals of Ol and that of Ol^- We have 

^L/kOl,p„ = ^Ol.pJOk 
It is therefore enough to deal with the case when K is complete. 

The isomorphism Ol/ttOl — Olo/^oClo implies the equality of ramifi- 
cation indexes cl/k = ^Lo/Ko- G = Go ^ Gi ^ G2 ^ ... ^ Gr = {1} be 
the ramification filtration of G acting on Ol (with Gr-i non-trivial). Then 

^L(SL/i^) = (E(|Gi|-l))^^ 

([23], IV.l, Proposition As VL{a{TrL) - ttl) < r for all G G \ {!}, the 
same property holds for ttl^ thanks to the isomorphism 

On ■■ Ol/t^l ^ OlJttl^ Ol, 

with (A^ + l)eL/K > VLi'i^LjK) ^ ^- Thus the ramification filtration of G 
acting on Lo is the same as that of G acting on L. Hence fL(®L/A') = 

Lemma 5.2. Let N > and let n > 1. Then is the support of an 
effective Cartier divisor on W^, Oy\!i{2>e'^) is very ample and the canonical 
map 

r(W',Ow'(ne'))iv ^ T{W'N,Oy,>{ne'N)) 
is an isomorphism. 



'Here the hypothesis k perfect is used. We don't known whether it is really necessary. 
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Proof. The first assertion comes from the fact that e' is an effective relative 
Cartier divisor on W' — )• SpecOi. The remaining part is contained in |7j, 
§1. □ 

Fix N > and let m > N. Suppose we are given isomorphisms (Isom) 
as above. Then they induce canonically isomorphisms (Isoj) for all integers 
< i < m. The isomorphisms W- — >• j (0 < i < m) induce G-invariant 
isomorphisms 

ipi : L{Qe'^)i ~ L(6e')i, i < m 
which respect the filtration by poles orders and are compatible with the 
multiplications L{ne'g)i x L{re'g)i — )■ L{{n + r)e'g)i. 

For any element z G M in some Ox-module, we denote by z its image in 
Mi if no confusion is possible. 

Lemma 5.3. Let {l^x'^^y'^} he a Weierstrass basis o/Wg. Then the subset 
{1, ipm{x'g), ^Pmiy'o)} C L{3e')m l^fis to a Weierstrass basis ofW' . 

Proof. Lift arbitrarily ipm{x'^).,(prn{y'o) to w' G L{2e') and z' £ L{3e'). There 
exist Xi G Ol such that w' = Xix' + A2, z' = X^y' + X^w' + A5 (recall 
that {l,x',y'} is a Weierstrass basis of W'). As is an isomorphism, 
Ai,A3 G The relation (y'^)^ - {x'^f G L{5e'^) implies that A| - Af = 
in OL,m- Therefore A := Ag/Af G 1 + tt'^+^C'l. Replacing w' (resp. z') by 
Xw' (resp. Xz'), we find new liftings w,z such that z'^ — G L{5e') and 
{l,w,z} is a basis of L(3e'). This implies that {l,w,z} is a Weierstrass 
basis of W. □ 

The next lemma is used in Example 12.11 and in Proposition 17.71 

Lemma 5.4. Let N > 0, let W, Wo be respective Weierstrass models of 
E,Eo over Ok and let {l,x,y}, {l,Xo,yo} be corresponding Weierstrass 
basis. Suppose there exists an isomorphism ipN '■ Wat ~ Wo, at. Then the 
following properties are true: 

(1) there exists u,s,r£ Ok,n such that u G ^ and 

(Pn{xo) = u^x + r, ifN{yo)=u^y + u'^sx + t. 

(2) If N > 5, then W is minimal if and only if Wo is minimal. 

Proof. (1) is an immediate consequence of Lemma [5. 31 and of Lemma [4.4r 3). 

(2) First the minimality of W can be checked over the strict henselization 
of Ok- As k is perfect, we can suppose k is algebraically closed. By Tate's 
algorithm [26], §7-8, W is not minimal if and only if there exists r,s,t G Ok 
such that v{a'-) > i. This condition is checked modulo vr^, so in W5. □ 

Lemma 5.5. Let 

0^ M ^ H ^T ^0 

be an exact sequence of Ok -modules such that ttT = for some r > 1. 
Then for all m > r, 

ker(M^ ^ H^) C ker(M^ ^ Mm-r)- 
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Proof. The kernel ker(Mm H^) is isomorphic by the Snake Lemma to 
r[7r"^+i], kernel of [(7r™+i)T] (the multiphcation-by-7r"^+^ map on T), and 
the canonical surjection Mm Mm-r induces on T[n"^^^] — t- T[7r'"+^^'"] 
the map [(vr'')^^]. This implies the lemma. □ 

Theorem 5.6. Let N >0. If 

m>N + 12[vK{^L/K)] + W, 
then Wat is determined by the G-action on W^. 

Proof. By hypothesis, we have isomorphisms (IsOm) (hence (Isoj) for all 
i < m). Denote by pi the canonical maps L(3e)j — >• (L(3e')*^)j and by po,i 
the analogue maps for Eq. We have a commutative diagram 

L{2,eo)m — (i(3e'o)^)„^^ {LiKU)""' i(3e'o)n^ 

L(36)^ {L{?,e'r)m'- (L(3e')™)^c . L(3e')„. 

where the vertical arrows are isomorphisms. We want to complete this 
diagram with an isomorphism L{3eo)m2 ~ L{3e)m2 some m2 < m and 
sending a Weierstrass basis to a Weierstrass basis. Let {1, Xo,yo} be a Weier- 
strass basis of Wo- 

Step 1. Let D = Di/j^. Let mi = m — 2[vk{D)]. We first construct 
images of Xo,yo in (-^^(3e')'^)mi • According to Proposition 13.91 the above 
commutative diagram induces a new commutative diagram at level mi (we 
omit L(3eo)mi and L{3e')mi) with isomorphic arrows 

L{3eoU -^{L{3e',rW {L{K)m.r 



■1 



L{3e)m, ^ {L{3e'f)m,^ {L{3e')m,f 

Let w G L(2e')^,z G L(3e')'^ be liftings of (/'mi(aio) and ipmAVo)- 

Step 2. Now we modify w, z to x,y so that {1, x, y} is a Weierstrass basis 
of a Weierstrass model of E over O/^-. We can write 

Xo = bo,ix'a + bo,2, yo = bo,zy'o + boAx'^ + hofi, bo,i € Ol^ 

where {l,x'g,y'g} is a Weierstrass basis of W'. By Corollarv I4.7f l) and 
Lemma |5.H and by Lemma |4.4( 3). we have 

VLo{bo,l) < '^{vLoi^Lo/Ko) + eLo/Ko " 1) < ^i, VLo{bo,l) < VL^boA)- 

Let be a Weierstrass basis of W' whose image in L{3e')m is equal 

to {l,99m(Xo),v3m(yo)} (Lemma[53]). Then 

(3) i(; = cix' + C2, z = csy' + C4x' + C5, q G O^. 



20 



QING LIU AND HUAJUN LU 



For all i < 5, Cj = 6miibo,i) £ CL,mi- Therefore 

(4) vl{ci) < 2K(D) + cl/k - 1) < mi, vl{ci) < vl{c4). 

We have 

(Lemma 14.4^ 3)). Writing w,z m. a. Weierstrass basis of E (with coefficients 
in K), we see that A := c^/cf G K. Moreover, the inequality on vl{ci) 
implies that VL{c\)/e < Q[vk{^)\ + 12, hence 

AG l + vr"i+i-[6''K(S))]-ii0^. 

Let X = \w and y = Xz and let m2 = mi — 6[vk{'^)] — H- Then — € 
I/(5e') and x,y G L{3e')'^ coincide with w,z in (L(3e')'^)m,2- Multiplying 
Equation ([3]) above by A, using the second inequality of Equation ^ and 
Lemma [4. 5 1 we see that {1, x, y} is a Weierstrass basis of a Weierstrass model 
Z oi E over Ok- This implies that x G i(2e), y G L(3e). 

Step 3. Let us show that {1, x, y} is a Weierstrass basis of W. The above 
construction shows that we have a canonical commutative diagram 



Ini(/)o^ 



Jm2 



m2 



m2J 



L(3e) 



Im(po,i 



which implies that ipm2 (Im(Po,m2)) = I™(/5m2)- Thus {1, x, y} generate L{3e) 
in (L(3e')'^)m2- As m2 > 2[vKiT»)] + 4, it follows from Corollary 1121^2) that 

ker(L(3e) ^ {L{3e' f)^,) C Tr'"^^+^ L{3e'f = 7r(7r"2L(3e')^) Q ^L(3e). 

By Nakayama's lemma, {l,x,y} generate, hence is a basis of, L(3e). There- 
fore {l,x,y} is a Weierstrass basis of W. 

Last step: Let's show Wat ~ yVo,N- Let 

+ {ao,iXo + ao,3)yo = xl + aofixl + Qo^aXo + Uofi 
be the equation of Wo- Let G Ok be such that a, = 93^2(^0,1)- Then 



(aix + a3)y = + a2X^ + a4X + oe 



holds in {L{6e')^)m2- Lemma [5. 5 1 and Corollarv l4.7r 2). the same relation 
holds in L(6e)m3, where ms = m2 — (4[t;/^(2>)]+8). Therefore — VVo/ma- 
As nis > N, we have Wn - yVo,N- □ 

Remark 5.7 The bound on m in 15.61 is not optimal. When L/K is unram- 
ified, we can take m = N . 
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Proposition 5.8. Suppose E has semi-stable reduction over Ok- Then for 
any N > 0, Wn is determined by (yV'^,G) if m > 2[vKi'SL/K)] + ^- In 
particular, Wn is determined by (W^,G) if L/K is tamely ramified. 

Proof. Suppose we are given a system of isomorphisms (Isom)- Then the 
special fiber of Wo is semi-stable because it is isomorphic to the special 
fiber of W. Hence Wo is semi-stable. The minimal Weierstrass model W 
commutes with base changes by Dedekind domains when E has semi-stable 
reduction. Therefore W' = Woj,, Wo = (Wo)oloI and 

R\G,L{6e')) = Hi(G,L(6e) Ol) = ^\G,Ol) L{6e) 

is killed by Tr^i^K{^L/K)] (Proposition EZD • Let mi = m-2[vK{^L/K)] > N. 
As in the proof Theorem 15.61 we have a commutative diagram 



As in Lemma [531 the image of a Weierstrass basis {1, Xo,yo} of Wo by if mi 
lifts to a Weierstrass basis {l,x,y} of W. Therefore W^i — Wo,mi- n 

Theorem 5.9. Suppose K is henselian, char(i^) = 0, and the residue field 
is algebraically closed of characteristic p > Q. Then there exists a positive 
integer I, depending only on the absolute ramification index vk{p), such that 
for any elliptic curve E over K, and for L/K the minimal extension such 
that El has semi-stable reduction, Wat is determined by the G-action on 
y^N+i for any N>0. 

Proof. First, the field extension L/K is Galois ([8j, theoreme 5.15). It is 
well known that [L : K] divides 24: if VK{j{E)) < 0, then |G| = 1 or 2. 
Otherwise, the curve E has potentially good reduction X^,, and we have an 
injection G ^ Aut(A'^/) ([8], Lemma 5.16). The latter has order dividing 24 
(pi]. III. 10, Theorem 10.1), so |G| divides 24. The corollary then follows 
from Remark 13.101 and Theorem 15. 61 □ 

6. From Weierstrass models to regular models 

Recall that the residue field of K is perfect (to use Kodaira-Neron's clas- 
sification, and Ogg-Saito's formula). The minimal regular model X is the 
minimal desingularization of W ([15J, Corollary 9.4.37). The models we 
considered are pointed with the Zariski closure of the neutral element of 
E. In this section, we will prove that Wtv+c determines for an explicit 
constant c depending on the type of E (Corollary 16. 7p . This will follow from 
some generals results on relation between a C'i^'-scheme of finite type and 
its blowups along a closed points (Theorem 16. 4p . 

First we show that the second order deformation determines the singular 
locus. 
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Lemma 6.1. Let y he a scheme flat and locally of finite type over Ok, of 
pure relative dimension d and with regular generic fiber. Let yo E yo be a 
closed point. Then y is regular at yo if and only if either dimTyg^yg = d, or 
dymTy^^yg = d + 1 and n G ^yy^- particular, the singular locus of y is 
determined by yi . 

Proof. The condition AimTyQ^y^ = d means y^ (hence y) is regular at yo- 
We have an exact sequence of A;(?/o)-vector spaces 

T^Oy^y^KnOy^yg H VCly^y^) ray^y^/my^y^ "^3^o,3yo/"^^o,2yo ^ ^■ 

So the second condition is equivalent to y regular and singular at yo- 
The condition vr G is equivalent to tt G mod tt^ . So the singular 

locus of y is determined by . □ 

Notation For any O^-algebra A and for any n > 0, we denote by 

^[tt"] = {x G a I 7r"x = 0}, Aors = U„>i^[7r"]. 

By convention tt^ = 1 and A[tt^] = 0. We use similar notation when A is 
replaced with a sheaf of O^^-algebras. 

Lemma 6.2. Let U' be a noetherian Ok scheme and let U = V{J) be a 
closed subscheme of U' , flat over Ok and containing U'j^. Then 

(1) J = 0(7',tors = Ou'Itt"] for some c > 0. 

(2) The composition of the closed immersions Un — >■ U'j^ — >■ U'j^^,^^ induces 
an isomorphism 

Proof (1) As U ^ U'^, wc have J'k = 0, hence J' C Ou',tors- As is 
coherent, we can find a c > such that tt'^J' = 0, thus J7 C Oui[t^% 
Conversely, ©[//[vr'^] C Ou'^tors ^ J because Ou is torsion free over Ok- 

(2) The kernel of Of/j^^^ ^ Ou^ is the image of J + Tr^+^Of// in Ou'^^^, 
and we check easily that this image is equal to Ou'^^ [tt'^]. □ 

Next we will give a bound for c in a specific situation. 

Proposition 6.3. Let Z be a noetherian regular scheme, let p : Z Z be 
the blowing-up of Z along a closed point q, let y be an integral hypersurface 
in Z (thus an effective Cartier divisor) passing through q and let y be the 
strict transform ofy (which is isomorphic to the blowup ofy along q). Then 
the following properties hold: 

(1) y is an integral hypersurface in Z and, if p*y denotes the pullback ofy 
as Cartier divisor, 

P*y = y + Pq{y)E 

where Pq{y) is the multiplicity ofy at q and E is the prime exceptional 
divisor p~^{q). 

(2) Let q E y be a closed point lying over q. Then fJ-q{y) < fJ'q{y)- 
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(3) Suppose further that Z is an Ok scheme, y is flat and q belongs to 
the closed fiber of y . Let r^; > 1 be the multplicity of E in the special 
fiber of Z ( equal to the multiplicity at q of the special fiber of Z) and 
let c = \^J.q{y) /rE\ be the smallest integer bigger or equal to tJ-q(y)/rE- 
Then 

Op*y,tors = Op^yl-TT"] / Op^yln"^^]. 
Proof. (1) is certainly well known. We provide a proof here for completeness. 
Since Z is a blowup of a regular scheme along a regular closed subscheme, 
Z is also regular ([15j, 8.1.19). Then p*y is an effective Cartier divisor with 
support in yu E and we can write p*y = y + rE for some positive integer 
r. As the computation of r and are local on Z, we can replace Z with 
SpecOz,q and suppose Z is local. Write C = Oz,q with maximal ideal m. 
Choose a system of coordinates tQ,...,t(i of C. Then Z is covered by the 
affine open subsets Ui =: Spec(C[to/ij, • • • ,tr/ti]), < i < d. Let / £ m be 
a local equation of y. Write 

/ = P(to,...,td) + ^+i, ^+iGm'^+^ 

where P is homogeneous of degree p = fJ-qiy) with coefficients in C* and 
P ^ m'^"'"^. Here we use the fact that gradm(C) ~ Sym(m/m^). On Uq (and 
similarly on each Ui), we have 

/ = io-P(l,^^i, ■■■,Ud) +to^^9o, Ui := ti/to, go e 0^{Uo). 

A local equation of E at its generic point is to and that of p*y is /. 
As ui, . . . ,Ud is a system of coordinates of E, we have / G tQO^{Uo) \ 
tl^'^^O^iUo) and r = p. 

(2) This is a particular case of Chap. I, Theorem 0. 

(3) The decomposition p*y = 3^ + p-E gives an exact sequence 

^ o^{-y)\pE = 02{-y)/0g{-y - pE) ^ Op^y -^Oy^o. 

As y is flat over Ok, and 0^{—y)\^E is of torsion (namely killed by n'^ 
because, by the deflnition of c, pE is contained in c times the closed fiber 
oi Z), we have 

Op*y,tors = o^{-y)\^E = Op.yH 

and vr'^-iOp.y / 0. □ 

Theorem 6.4. Let y be a flat OK-scheme of finite type and let q be a closed 
point of y contained in the closed fiber. Suppose further that y is locally at 
q a hypersurface in a regular OK-scheme of finite type. Let y ^ y be the 
blowing-up along q, and let i > c (the constant defined as in \6.3\ (3)). Then 
yN+t determines {y)N for all N >0. 

More precisely, suppose we have a discrete valuation ring Oko o,nd {yo, qo) 
over Oko with similary properties and qo and the constant Cq < i. If we have 
an isomorphism 4>n+i ■ Ok,n+i — ^ C)Ko,N+e CLnd a compatible isomorphism 

yN+i — yo,N+e 
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for some N >0, then we have an isomorphism 

{y)N ^ {yo)N 

compatible with the isomorphism Ok,n — Oko,n induced by (jj^j^g. 

Proof. We can suppose y is singular at q (then 3^o is also singular at by 
Lemma [HTTI) . Then (l\m.^q^ Ty^g = d + 1 if d = dimOy^q. Let /q, . . . , /d be a 
minimal system of generators of m.qOy^g, let y' be the glueing of 3^\{g} and of 
FiojOy^q[To, Td]/ ifiTj - fjTi)o<ij<d- Then 5^ is a flat closed subscheme 
of y' with generic fiber equal to that of y' . Therefore y = V{Oyi^toTs)- 
Using a lifting in Oy^^g^ of the images of the /j's in O(yo)iv+f,(jo' define 
y'g and clearly we have an isomorphism 

y'N+e — yo,N+e 

extending the isomorphism y^+i ~ 3^o,7V+£- So, by Lemma 16.21 to show 
that {y)N — (3^o)iV) it is enough to show that Tr^Oy/^tors = 0. This property 
is local on y. As it trivially hols outside of q, it is enough to work with a 
small open neighborhood of q in y. 

Write locally y = SpecC/(/) with (C, mc) regular. Lift fo,---,fd to 
to,...,t(i £ C. Because mc/m^ — )• mg/trig is surjective and both vec- 
tor spaces have the same dimension over k(q), this is an isomorphism and 
to, ■■■ ,t(i is a system of coordinates of C. Consider 

B = C[To, . . . , Td]/{f, tiTj - tjTi)ij. 

Let p : SpecC — )• SpecC be the blowing-up of SpecC along q. Then y' = 
Proji? = p*y and Proposition 16.31 shows that vr^Oy^tors = a-^d we are 
done. □ 

Remark 6.5 Note that one can't determine {y)N with a blowup of yN+e 
because the latter process produces a scheme which is birational to 3^iv+£, 
while {y)N has more irreducible components than yN+£- 
Remark 6.6 Let / : A" — )• W be the desingularization morphism of W. If 
W is singular, the pre-image of the singular point of W consists in (— 2)- 
curves. It is well known that such singular points are rational singularities 
(one can apply [Ij, Theorem 3, because the fundamental cycle Z satisfies 
2pa{Z) — 2 = < 0). Let Z — > W be the blowing-up of the singular 
point of W. Then Z is normal ([H], Proposition 8.1) and its singular points 
are rational singularities (p3]. Proposition 1.2). Therefore the morphism 
/ : — 7- W consists in successive blowing-ups 

along (reduced and discrete) singular loci. 

Corollary 6.7. LetW be the minimal Weierstrass model of E. Let X be the 

minimal regular model of E over Ok CLnd let t be the number of blowing-ups 
defined as above. Then 
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(1) Wn+i determines if £ > 2t + 1. 

(2) t + 1 is bounded by the number of irreducible components of Xq. In 
particular, t < 8 if the Kodaira type of E is different from I„ and I* . 

(3) Let A be the minimal discriminant of E. Then t < vk{^) — 1; except 
when E has good reduction. 

Proof. (1) If W is regular (i.e. E has type Iq, Ii or II), then X = W and 
there is nothing to prove. So we suppose W is singular. The scheme W 
is embedded in ^ = as a cubic. Around the singular point g, W is 
defined by a regular function + (oix + a^)y — (x^ + ...) G ^ \ q- 
So /ig(W) = 2. Let £ > 1 be any positive integer. Applying Theorem 16.41 
we see that Wn+i determines W^^£_2- As W'^"'^^ is embedded (and has 
codimension 1) in Z which is regular, Proposition 16 . 31 and Theorem [631 imply 
that W^^^_2 determines W^^£_4. Repeating the same arguments we see 
that Wn+i determines yv'f^_^^_2^■ This means that Wn+i — y^o,N+i implies 
that W^^_^^_2j — ^?^+£-2f Note that by Lemma 16. H the isomorphism 
W^^^_£_2j — W^*]y_^^_2j maps the singular locus of W*^*^ to that of wf' , so 

W'i^^'^ W^*^ is the blowing-up of the singular locus of W^*^ . 

Now taking i = 2t might not be enough (when = 0) because we don't 

know whether Wo^ is the minimal regular model of Eq. Wwe have to go one 
step further. Namely if Wjv+2i+i ^ Wo,N+2t+u then ~ ^o^n+v By 

Lemma [6. 11 we know that wi^^ is regular and Wo is singular. Therefore, 
t = to and = Xo. 

(2) As each blowing-up VV(*+i) — )• introduces at least one irreducible 
component, we see that t -|- 1 is at most equal to the number of irreducible 
components of Xq. 

(3) This is a direct consequence of (2) and Ogg-Saito's formula. □ 

Remark 6.8 Tate's algorithm shows that Wq determines whether E has 
type In (for some indeterminate n > 0), II, III, IV, II*, IIP, IV* or /* (for 
some indeterminate n). But Wq can't determined the value of n in general 
in the case In or I*. 

Below is a table with more precise value of t, the number of blowing-ups 
necessary to solve the singularities of W. 



type of E 


lo, Ii, II 


III, IV 


IP 


IIP 


IV* 


In 


I* 


value of t 





1 


< 8 


< 7 


4 


[n/2] 


< n + 4 



Example 6.9 Suppose char{k) ^ 2. Let n > 1 and consider the elliptic 
curves 

E:y^ = (x^ + ^2n+l)(^ ^ E^:y^ = (^2 + vr2"+2)(x + 1). 

We have W2n — VVo,2n, but Xq Xofl. Here t = n but to = n + I. 
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7. Congruences of minimal regular models 

In this section we prove the main theorem of this paper (Theorem 17. 3p . 
The idea is to show that Af^^^^^^^ determines Wj^_^_f^_^_^_^^ which determines 
Wn+Ii for some £2 and finally that Wn+Ii determines for some ii. 

As W is regular in a neighborhood of e, — t- W is an isomorphism above 
a neighborhood of e. So denote again by e the closure in X of the neutral 
element of E. The effective Cartier divisor e on is ample on the generic 
fiber and meets in the special fiber Xq only in the strict transform Wo of 
the irreducible component of Wo- Therefore W is the contraction in X of 
the components different from Wo- By construction, there is a canonical 
isomorphism 

(5) W ~ Proj(e„>oHO(A', Ox{ne))) 
(see |3], Theorem 6.7/1). 

Lemma 7.1. Let N >0. Then 

Proof. We have to show that the canonical map 

lf{X, Ox{ne))N ^ HO(Af^, Ox{ne)N) 
is an isomorphism for all n > 0. Considering the exact sequence 

Ox{ne) Ox{ne) Ox{neN) 0, 

we only have to show that ^"^{X ,Ox{ne)) is torsion-free for all n > 0, or 
that 

(6) Yi\X,Ox{ne))o^YL\X^,Ox{neo)) 

is surjective for all n > (|15j. Theorem 5.3.20). As the dualizing sheaf 
ojx/Ok trivial ([15j, Exercise 9.4.16), we have 

YL\Xo, Ox{neo)) ^ HO(A'o, Ox{-neo)). 

On the other hand Yi^{XQ,Oxo) = ^ (flSj, Corollary 9.1.24), the sheaf of 
ideals O^f (— neo) has no nontrivial section for all n > 1. Hence ([6]) is surjec- 
tive for all n > 0. □ 

As in the Section [5l L/K is a finite Galois extension of Galois group G. 

Proposition 7.2. Let W' , X' be the (pointed) minimal Weierstrass (resp. 
minimal regular) model of Ei over Ol- Let N > 0. Then (W^,G) is 
determined by {X^,G). 

Proof. It is enough to apply the isomorphism ([5]) and the previous lemma to 
the models W' and X' of E^. Note that the isomorphism of l7.1l is compatible 
with the action of G because e is invariant by G. □ 
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Theorem 7.3. Let K be a discrete valuation field with perfect residue field. 
Let E be an elliptic curve over K of minimal discriminant A. Let L/K be 
Galois extension of group G, of different 'S^/x- Then for any N > 0, the 
scheme is determined by {Xj^_^_g,G), where 

i = 2vK{A) + 12[vKi^L/K)] + '^8. 

Proof. By Proposition 17.21 {X'j^^g,G) determines (VVjy_^£,G). Theorem 15.61 
says that the latter determines W^+2i)k(A)-i- Finally Corollary 16.71 implies 
that A'tv is determined by the previous data. □ 

Corollary 7.4. Suppose K is strictly henselian of mixed characteristics 
{0,p). Let L/K be the minimal extension such that El has semi-stable 
reduction. Then the special fiber Xq is determined by the G-action on X^^ 
where Iq depends only on the absolute ramification index vk{p) of K . 

Proof. If E has potentially multiplicative reduction, D. Lorenzini (|17j. The- 
orem 2.8) showed that [L : K\ < 2, E has reduction type IJi_|_4s where 
n = —VK{j{E)) > and s = vl{^l/k) — 1 > 0. The curve of type I* is 
unique up to isomorphisms for each r > ([19j, Theorem 5.18). Hence, using 
Lemma [5Tl Xq is determined by X'^^ with Iq = vl{^l/k) ^ ^'VKip)/{p — 1) 
(Remark EIO]). 

If E has potentially good reduction, then ^^-(A) < 12{vk{'S l/k) + 1) 
with [L : K] dividing 24, hence vk{^l/k) ^ 24:Vk{p) / {p — 1). Then we 
conclude with Theorem 17.31 □ 



Next we give some inverse results of Theorem 15.61 and Theorem 17.31 

Proposition 7.5. Let N > v/^(A). Then Wat determines (W^,G) for any 
finite Galois extension L/K. 

Proof. Let Kq^Eq and Lq/Kq be as at the begining of ^ and suppose we 
have isomorphisms 

Ok,N ^ Ok,,n, Wtv ^ Wo,N, 0N ■■ Ol,n ^ Ol„,n, 
the last one being G-equivariant. We have to find a G-equivariant isomor- 

phism ^ w;^. 

Let {l,x,y} (resp. {l,x',y'}) be a Weierstrass basis of W (resp. of W'). 
By Lemma 14.41 we have a change of coordinates of E^: 

X = n^x' + r, y = u'^y' + u^sx' + t, u,T,s,tGOL- 

Let (j)]\f : L{6e)]\f ~ L{6eo)N be the isomorphism induced by Wo,n — VVat. 
Let {l,Xo,yo} be a Weierstrass basis of Wo lifting the image by ^at of the 
class of {l,x,y} in L(6e)7v- Let Uo,ro, So,to £ Ol^ be liftings of the images 
by On of the classes u, f,s,t£ Ol,n- Let 

Xo = [xo - ro)/ul, yo = {yo - ulsox/, - to)/ul G L{Qe'^) ® Lo. 
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We claim that {l,^^,?/^} is a Weierstrass basis of W'g. First, the fact that 
{l,x,y} defines a Weierstrass model 

+ aixy + asy = + a2X^ + a^x + ae 

over Ol implies that 

I 9 I 9 

n I ai + 2s, u | 02 — sai + 3r — s , 

and 

61 s 2 

ti I ae + ra4 + ra^ — ^03 — t — rtai 

(see [7], page 57, (1.6)). As 

Qvl{u) = (t;L(A) - vl{/S!))/2 < vl{A)/2 < vUtt''), 

the above divisibility relations hold in L{6e'^). Therefore {l,x'^,y'g} is a 
Weierstrass basis of some Weierstrass model over Ol^- In particular 

vl{A') = vl(,A) - 12vl{u) = VL,{Ao) - 12vlAuo) > vl{K)- 

But by symmetry, VL{A'g) > vl{A'), so the equality holds and the Weier- 
strass model associated to {l,x'^,y'g} is minimal over Ol^- 

As the change of variables from {1, x, y} to {1, x' , y'} and from {1, Xq, 1/0} 
to {l,x'g,y'g} are given the same relations modulo 7r^+^ (up to 6^), and 
{1, X, y}, {1, Xo, yo} define the same equation up to Ok,n — Oko,n, we have 
an isomorphism ^ corresponding to x' — )• x^ and y' — )• -jjo. □ 

Proposition 7.6. Let A be the minimal discriminant of E. Then for any 
N >0, {X'j^,G) is determined by 'Vn+2vl{A)-i- 

Proof Let £ = 2vk{A) - 1. First, by Proposition [TJ (for L = K), X^+t de- 
termines Wn+i- Second, Wn^^ determines (W^_,_£, G) by Proposition 17.51 
Finally, the latter determines {X'^,G) by similar arguments than Corol- 
lary [621 (note that vl{A) is bigger or equal to the vl valuation of the minimal 
discriminant of El). □ 

Proposition 7.7. Suppose char(i^) = p > with perfect residue field k. 
Let N > 0. Then there exists a discrete valuation field Kq of characteristic 
0, with residue field equal to k, and an elliptic curve Eq over Kq such that 

Oko,n ^ Ok,n, ^^o,N ^ WiV, Xo,N ^ Xn- 

Proof. Let n > max{5, N + 2vk{A) — 1} so that Xj\f is determined by Wn 
(Corollarv 16. 7p . Let Ok^ = W{k)[t]/{t^~^^ — p) with uniformizing element 
TTo = t. Then Oxo.n — OK,n- Lifting >V„ to a Weierstrass equation Wo over 
Okoi then we have vKo^Aq) = fx (A) and Wo is minimal by Lemma [5^ 2). 
By construction, W„ ~ Wo,n (hence Wat ~ Wo,Ar). Again by Corollarv 16. 7^ 
we have an isomorphism X]\j ~ Xq^n- D 
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8. Lifting equivariant infinitesimal sections 

In our settings, Weierstrass models come with a fixed section. But in 
Proposition 14.31 we saw that up to isomorphisms, the choice of a section 
does not really matter. We can wonder whether in Theorem 15.61 we can 
dismiss the given section of W^. Note that, at least in our proof, we use 
the fact that this section of is G-equivariant and even more, that it 
extends to a section of VV" over Ol induced by a rational point in E{K). 
Now suppose we are given (Isom) as at the beginning of §5 but without the 
condition that the isomorphism ~ ^'om ™aps to e'om- The image 
of e'j^ is a G-equivariant section of Wg „ contained in the smooth locus of 
Wg^. If for some mi < m, the image of in W^^^ extends to a section 
Q of induced by a rational point of g G Eo{Ko) (equivalently, Q is a G- 
equivariant section of Wq), then by Proposition 14. 31 we have a G-equivariant 
isomorphism ~ "^'omi which maps to e^^^ and we can apply 

Theorem 15.61 with mi instead of m. 

Let 5 be a scheme. Let / : X' — )• 5" be a morphism of S-schemes and let 
H he a group acting on the S'-schemes X' , S' compatibly with / (in other 
words, / is i/-equivariant). Then H acts on the set of sections X'{S') in 
the following way: for any section p : S' ^ X' and for any a & H, we put 
a-kp = aopoa~^ € X'{S'). A section p is said H-equivariant ifa-kp = p for 
all a ^ H. The set of i?-equivariant sections will be denoted by X'{S')^ . 
The above question is to study the image of the canonical map 

Suppose from now on that 5" — t- S" is finite and locally free and X' — )■ S' 
is quasi-projective. Then the Weil restriction Rgi/gX' exists ([3], Theorem 
7.6/4) over S and is endowed with a canonical action of H. Moreover, for 
any 5-scheme T, leting H act trivially on T and denoting Y = Rgi/gX', 
X'{S' xg T)^ is canonically isomorphic to Y{T)^ . Suppose further that H 
is finite. Let he the scheme of fixed points under H (see e.g. flO\, §3). 
Then by definition Y{T)^ = Y^{T). 

Let S = SpecOx, S' = SpecOi, Sm = Spec(C'i^/7r'"+iO;^) and S'^ = 

S' XS Sm- 

Proposition 8.1. Let Z' be a flat quasi-projective scheme over S' endowed 
with an equivariant action of G = Ga\{L/K). Then the following properties 
hold. 

(1) Let Z = Z' /G. Then the canonical map Z{S) Z'{S')^ is bijective. 

(2) Suppose S' ^ S is etale. Then the canonical morphism Z' ^ Z Xs S' 
is an isomorphism and the canonical morphism Z — t- {Rgr ^gZ')^ is an 
isomorphism. 

(3) Suppose that K is henselian, Z' is smooth over S' and L/K is tamely 
ramified. Then the canonical map 

Z'{S'f ^ Z'{S'J^ 
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is surjective for all m > 0. 
(4) Suppose that K is henselian and that Z'^ is smooth over L. Then there 
exist moj^o > such that for all m > tjiq, and for any G Z'{S!^)^, 
the image of tm in Z' {S'^_j.^)'^ lifts to a section in Z'{S')^ . 

Proof. (1) First notice that the quotient Z' /G exists because Z' is quasi- 
projective over Ol- The canonical morphism Z'^ — ?■ {Zk)l is an isomor- 
phism by Lemma |3.2[ The canonical map 

Z'iOLf ^ Z{Ok) C Zk{K) 

is injective. Conversely, any section in Z{Ok) induces a rational point 
in Zk{K) = Z'^{L)^ C Z'i^{L). The valuative criterion of properness for 
Z' ^ Z implies that the point in Z'^{L) we obtain actually belongs to 
Z'{Ol) n Z'^{L)^ = Z'{Ol)^. Therefore Z'{Ol)^ Z{Ok) is surjective. 

(2) The canonical morphism Z' ^ ZxsS' \s w. isomorphism by Proposi- 
tion [3]3j For any Oft'-module M with trivial action of G, the canonical map 
M — )• {M(^Oj^ Ol)'^ is an isomorphism (use a normal basis of Ol/Ok)- For 
any 5-scheme T, the canonical map 

Z{T) ^ Rs'/sZ'{Tf = {Z'{T xs S')f = {Z{T xg S')f = Z{T) 

is bijective. So Z ^ {Rgi j^Z')^ is an isomorphism. 

(3) Let y = Rs'/sZ'. We saw above that Z'{S')^ 2:'{S'^f can be 
identified with the canonical map 

y'^is) ^ y^iSm). 

Let / C G be the inertia group, let Li = , H = G/I and let = S' /I. 
Denote by Z* = Rgi jgiZ' . It is smooth over S** ([3j, Proposition 7.6/5) as 
well as Z\ := {Z^Y (|10j. Proposition 3.4). Let T be an S'-scheme with 
trivial action of G. Then 

Z\T xs S'f = {Z'{T xs S')Y = {Zi{T xs S') f. 

Let Z2 = Zi/H. By (2), Z2 is smooth over S and {Zi{T xsS*))^ = Z2{T). 
Thus Z' {T X s S')^ = Z2{T). As Ok is henselian and Z2 is smooth, Z2{S) — )• 
Z'2{Sm) is surjective and (3) is proved. 

(4) Applying (2) to SpecL — )• Specie, we see that Zk is smooth over K 
and {y'~^)K = (3^^)*^ = 2,K- Our statement then results from Elkik's ap- 
proximation theorem ([H], Corollaire 1, page 567) and the identity y'~'{T) = 
Z'{T Xs S')^ for all S-schemes T. □ 

Remark 8.2 Keep the notation of Proposition ISTTl 

(1) If K is henselian, L/K is tamely ramified and Z' is smooth, it is 
probably true that the canonical map 

Z'{OLf ^ Z'{Sv^c{OL/^T^OL)f 
is surjective for all m > 0. Note that the right-hand side is not 
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(2) The constants ?n.O)^o in 18.1( 4) depend on the scheme Z' . When the 
latter is smooth over S", it is probably true that one can find bounds 
mo,ro depending only on vk{'Sl/k)- 
Next we give in Proposition 18.41 a more precise statement than in I8.ir 4) 
for abelian varieties. The next lemma should be well known but we were 
unable to find a proper reference. 

Lemma 8.3. Suppose K is complete of characteristic zero. Let A he an 
abelian variety over L of dimension d, let A' he the Neron model of over 
Ol and let A' he the formal group over Ol attached to A! . 
(1) The formal logarithm 



is G-equivariant. 

(2) For all n > vl{p)/{p — 1) (n > if p = 0), log^^, induces a group iso- 
morphism hetween A' (tt^Ol) and a sub-O i-module of H^{Al,Q,]^^^^)'^ . 

Proof. (1) First recall the construction of log^/ as in [18j, §1. The generic 
fiber of A' is the formal group Al attached to Ai. Let zi,. . . ,Z(i be a 
system of coordinates of A' at the origin o of the special fiber of A' so that 



such that fu}{0) = and d/^ is a formal power series, its 

convergence on A'{ttlOl) is seen using the inclusion ([7]) above). Moreover 
fi_j is a group homomorphism. The map log^^/ is defined by log_4/(3;) equal 
to cj I— )• fuj{x) for all x E A'{ttlOl). (Note that when L is locally compact, 
the formal logarithm extends to A{L), see [18], §1). 

If CO is invariant by G (e.g. uj £ }i^{A,Q^^^j^)), then for any a G G, 

d{<^* fw) = c'"*(cij) = UJ. By the uniqueness property, we get (J* fu) = fw 
(that is, fu,{a{x)) = a{ft^{x)) for all x € A'{'itlOl))- For ah a e G, and 
all x £ A'^ttlOl), (T*(log^/(x)) — log_4/ (cr*(x)) is an L-linear form which 
vanishes at H''(yl, f]^y^), so it is equal to and log^/ is G-equivariant. 

(2) We have to show that the image of log_4/ is a sub-Oi-module. Using a 
basis of }l^{Ai,Q^^^,j^) over L, we can identify log_4/ to a formal logarithm 



^'(vTiOi) — 7- L as in [24J, IV. 5. And our statement comes from |24j, The- 



orem IV. 6. 4(b) in the case of elliptic curves. For the general case, see |27j . 



log^, -.A' {ttlOl)^'^'^ {AL,n 



V 




f^ : A'{7tlOl) ^ {t^lOlT ^ i 




□ 



'We thank Jilong Tong for this reference. 
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Proposition 8.4. Suppose K is complete with char(i^) = and residue 
characteristic p > 0. Let h = 2[vk{'^l/k)] o,nd let 

vk{p) 



m + 1 > /i + f (p) — 1 + 



p — 1 



(m > if p = 0.) Let A be an elliptic curve over K and let A' he its Neron 
model over Ol- Then for any G-equivariant section tm £ A'{Ol/t^"^~^^Ol)^ 
of A' , there exists a G-equivariant section in A!{Ol)^ = -^{K) whose image 
in A^Ol/t^^'^^^^'Ol) coincides with that of tm- 

Proof. Let A' be the formal group over Ol attached to A' . Let r be the 
smahest integer > h/vxip)- -^o^ ^.h integers n > rvxip) > 0, we have a 
canonical commutative diagram with exact horizontal lines 











■A'iTry~^OL) 



■A'{Ol) 

id 

■A'{Ol) 







■A'{Ol/t^''p-''Ol) 



0. 



Taking Galois cohomology, we get 



Hi(G,^'(7r"Oi)) 



id 



fn.r 



G 



H1(G,:4^(^>-^Ol)). 



So it is enough to show that fn,r = when n > rvxip) + '^k{p)/{p — !)• By 
Lemma |8.3( 2). we have a commutative digram 



Ol 



Ol 



A!l{^>~'Ol) tt^-^Ol 



where the horizontal arrows are isomorphisms. So the canonical map fn,r 
can be identified with the multiplication- by-p'' map on 11^{G,Ol)- This is 
the zero map by Proposition l3.7r 2). thus fn,r = 0. As rvxip) < h+vxij)) — ^-, 
the proposition is proved. □ 
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